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In-plane thermal diffusivity estimation by radial fin

method

Abstract

This work presents a methodology to estimate the in-plane thermal diffusivity through
infrared thermography. Experimentally, a vertical thin-thickness sample is briefly heated
on its center by Joule effect and one face is filmed by an infrared camera. The experimental
temperature field is compared with an analytical axisymmetric semi-infinite thermal
model. The in-plane thermal diffusivity and a modified Biot number are estimated
through a least square method based on the minimization of the quadratic error between
the experimental and the theoretical temperatures. The methodology is applied to four
samples with a broad range of thermal conductivity: balsa, PVC, mild steel, and aluminum
alloy. The analysis of the residuals and of the parameter correlation coefficients show the
feasibility of the method for isotropic materials for which a rather good agreement with
literature data is found. When applied to anisotropic materials like balsa, the method

shows the possibility with one experiment to characterize in every material directions.

Nomenclature
Latine letters
e thickness, m

p specific heat, ]-kg-1-K-1

G transmittance
h heat exchange coefficient, W-m-2-K-1
H modified Biot number, m2
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/ modified Bessel function
k thermal conductivity, W-m-1-K-1
K modified Bessel function
/ length, m

N measurements number
r radial coordinate, m

R radius, m

s Laplace parameter, s'1

t time, s

T temperature, K

X position, m

Greek letters

a thermal diffusivity, m?-s-1
{ parameter

7 temperature, K

yo density, kg:-m-3

o standard-deviation

T heating time, s

@ flux density, W-m

0} flux density, W-m-2

X reduced sensitivity

Indices and subscripts

0

o0

initial

infinity



exp experimental
est  estimated

min minimum

1. Introduction

This work deals with the estimation of the in-plane thermal diffusivity of isotropic
and anisotropic materials. This property is of interest in many topics since numerous
parametric publications concern, for example, its evolution versus the ageing [1], the
porosity of thermal barrier coatings [2], the nature of composites [3] or thin films [4].
Many devices and methodologies exist to characterize anisotropic materials. Therefore,
we limit this bibliography to techniques using both experiments and multidimensional
analytical models.

Initially proposed by Parker et al. [5] to estimate the in-depth thermal diffusivity,
the flash method ([6-11] for example) is now considered as a standard methodology: a
brief heat flux is applied in the sample thickness direction and the temperature along the
cross section (front or rear face) is measured and compared with the one given by a
theoretical model. The main uncertainties with the non-contact heating remain the
precise knowledge of the spatial energy distribution and of the absorbed part of this
energy received by the surface. Nowadays the systematic use of infrared camera avoids
the uncertainties due to the location of the temperature sensors such as the
thermocouple, and “provides a great number of data to evaluate the variance of the
estimated parameters by statistical methods” [10]. For thermal heating with contact, for
example with a hot-rod [12], the major uncertainty is the difference between the real

surface contact and the geometrical one of the heating element.



The classic shape of non-contact heating is the Gaussian spot [2,6,11-13], but
others studies proposed these schemes: annular area [4], line or strip [10], grid-like mask
[8], or uneven [7]. Considering the Gaussian shape heating, derivative methods provide
successful results for isotropic and anisotropic materials, using multidimensional models:
the Gaussian shape temperature fitting method [9,12], the logarithmic parabolas method
[13], the lock-in thermography [14,15], the pulsed phase thermography [16], or the flying
spot method [17,18].

The great majority of the theoretical studies are based on flux/temperature
models, meaning that the flux is the input and the temperature the observable. This type
of approach is dependent of additional unknowns, such as the convective and radiative
heat losses. To circumvent this problem, and therefore diminish the number of unknown
parameters, temperature/temperature models are relevant [19,20]. For example, from
works of Hadisaroyo et al. [7] and Philippi et al. [10], Remy et al. [21] worked on this
approach with isotropic sample of glass. Experimentally, the sample is heated by uneven
laser flash and an infrared camera films the longitudinal propagation of the heat along the
surface. The knowledge of the heat flux is not necessary anymore, since the theoretical 1D
model expresses the linear relation between the temperature at a position x functions of
two temperatures at positions x1 and x2 on both sides of x. The in-plane thermal diffusivity
and the heat losses by fin effect are estimated successfully, since they are uncorrelated.
Recently, Jannot et al. [22] diminished the number of input temperatures, since they
adapted the previous model to semi-infinite isotropic sample.

In the view of estimating in-plane thermal diffusivity of isotropic materials and,
also, of anisotropic materials, we propose in this study to use a temperature-temperature
1D semi-infinite model in the cylindrical coordinates and to develop the corresponding

experimental set-up by paying attention to the heating source. In this view, thermal model



is presented in Section 2, while the estimation procedure of two unknown parameters (in-
plane thermal diffusivity and a modified Biot number) is discussed in Section 3. The new
experimental set-up is introduced in Section 4. The results obtained on materials with
thermal conductivity ranging between 10-1 and 102 W.m-1.K-! are presented and discussed

in Section 5.

2. Theoretical models
Figure 1 presents a view of a thin thickness semi-infinite medium (cylinder of radius

R— o0) with isotropic thermal diffusivity aand heat capacity pcy'. Temperature is initially

uniform and a heat flow rate (here, a crenel shape of duration 7) is applied on its center.
The heat equation in the sample and its initial and boundary conditions are represented
by the system (1) assuming a monodimensional fin model. 7'is the modified temperature
once removed 7w the environment temperature, eis the sample thickness, A the thermal
conductivity, /1 the heat exchange coefficient, and ¢, (t) the flux density at the position .
By solving the system (1), the temperature variations 7{r;£) can be evaluated for any
positions. Here, two approaches are considered: temperature is deduced either from the
flux density (flux-temperature semi-infinite model) or from another temperature

(temperature-temperature semi-infinite model).



Figure 1. Sketch of the theoretical model for semi-finite medium.
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2.1. Flux-temperature semi-infinite model

After a Laplace transform of parameter saccording to the time (2) where A r;¢) can
either be the temperature 7{r¢) or the flux @go(9), the solution of the system (1) is given
by the relations (3) expressing the temperature in the Laplace domain along the radius r.
The use of a relevant numerical inverse Laplace algorithm [23] allows to get the
temperature as function of time. The flux-temperature semi-infinite model (3) has been
validated by comparison with simulations through ComsolMultiphysics® for different

positions along the radius (not presented here).
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2.2. Temperature-temperature semi-infinite model
The quadrupole formalism [24] is very convenient to simply express the

temperature along the r~direction between two coordinates r1 and r(4):

ool =12 Dllogs) )

A = wr[K; (wr)ly(wry) + Ko(wr)l (wr)] (4b)

B = o Uo(wr)Ko(wry) — Io(wry) Ko (wr)] (40)

C = 2mklw?ryr[K; (wr) ] (wr) — Ky (@r)] (wry)] (4d)
D = wry [K; (wr)lo(wr) + Ko(wr)]; (wry)] (4e)

where kb, A, Ko, and K1 are the modified Bessel functions. In the time domain, temperature

at radius ris given as function temperature at radius 1 as:

T(r,t) = T(r, )QL [G(s)] (5a)
_ Ko(wr)
Gls) = Ko(wry) (5b)

where rand r1 are the two coordinates and 1 the inverse Laplace transform. The function
G depends on two parameters: the in-plane thermal diffusivity a and the modified Biot

number A (3c).



Figures 2a and 2b compare temperatures at radius r predicted by the flux-temperature
semi-infinite models (3) and temperature-temperature semi-infinite models (5) for balsa
and aluminum, respectively. Thermal properties are taken from literature or from
laboratory measurements (Table 2). The heat exchange coefficient Ais set to 10 W-m-2-K-
1, and 7= 6 s and 1 s, for the balsa and aluminum, respectively. A good agreement is found
between both models. Note however that it is not always the case due to the choice of both
the initial time & (which must be non-null since s=1/¢) and of the time step dtneeded in

the inverse Laplace algorithm. In the present case, & = 10 ms and Jt= 10 ms.
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Figure 2. Comparison of temperature evolutions predicted by flux-temperature and

temperature-temperature semi-infinite models for balsa (a) and aluminum (b).



3. Sensitivity study and choice of the two positions

Two experimental temperatures are required to perform an estimation with the
relation (5): the observable T¢*P(r,t) and the input temperature T®*P(r,t). The
estimation consists in minimizing the quadratic error between the experimental and the
theoretical temperatures at the position r by ordinary least squares coupled with a
Levenberg-Marquardt algorithm [25,26] (6-7). In relation (7), ois the standard deviation

of the experimental noise and N the number of measurements.

T (r, t) = TP (ry, t)QL™ 1[G, ()] (6)
N
Z|Texv(r, £) = Tet(r, )|2 > No? %)

There are two parameters to estimate: the in-plane thermal diffusivity a and the
modified Biot number A. It is convenient to perform a sensitivity study to evaluate the
feasibility of estimation and the correlation level between them by quantifying a
correlation coefficient.

The reduced sensitivity y; (8) allows to express the sensitivity of the transfer

function G (s) versus the parameter (.

oL~ [G
e (®)

This reduced sensitivity y. is adimensioned, therefore, once convoluted by T**? (ry, 1), Xc

has the unit of the temperature and allows to compare its amplitude regarding the noise

level during experiment. Theoretical plots representing the reduced sensitivities y, are

presented in the case of the balsa and the aluminum in Figures 3a and 3b, respectively.



Both figures show different behaviors between the sensitivity to the in-plane thermal
diffusivity and to the modified Biot number, which allows to predict that the estimation
of both parameters seems possible. In Figure 3a, for the balsa, the sensitivity to the
modified Biot number A decreases slowly, but in Figure 3b, the transfer function seems
to be insensitive to A in the case of the aluminum, which presumes that its estimation
would be difficult.

The correlation coefficient 62, defines the correlation level between both
parameters. “Parameters tend not to be correlated when 62, tends to 0, and on the
contrary become more and more correlated when 62, tends to &+ 1” [27]. This parameter
is studied versus the two positions r1 and r; which are not as random as expected. Here is
presented the case of the choice of the position 7, and more precisely the distance r- ri.
The case of the sole position 1 is discussed in section 4. In Figure 3a, for the balsa and r-
rn =1 mm, 62y = -0.245 and in Figure 3b for the aluminum and r- rn = 2 mm, o2, =
0.192. Figure 4 shows for the balsa and the aluminum the theoretical evolution of 62,
versus the distance r- 1. It happens that the former has a minimum value, corresponding
to the minimum correlation between the in-plane thermal diffusivity and the modified
Biot number. This evolution will be systematically studied during the parameter

estimation versus r- ri.
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Figure 3. Reduced sensitivity curves to aand Hin the cases of the balsa (a) and of the

Figure 4. Comparison between the evolution of the correlation a2 coefficient for balsa

aluminum (b).
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4. Materials and methods

An experimental set-up presented in Figures 5 and 6 is developed to correspond
to the theoretical model. A thin sample is heated on its center by a heating source. This
heating source must be designed to really have a thermal heating in the radial direction,
such as imposed in the thermal model (1c). Here, the heating source is a cylindrical copper
spot of about /v = 1 mm radius embedded in the sample (to avoid any thermal contact
resistance) and heated by Joule effect through electric current coming from the sample
rear face. The electric wires are maintained with conductive stick, which should be let dry
at least for 24h. The heat flux is imposed during few seconds and stopped when a maximum
temperature increase of 10 °C is reached in the sample or when the semi-infinite
assumption is not valid anymore.

The temperature of the sample front face is measured during the experiment with
a high sensitivity (< 25 mK) infrared camera FLIR X6580sc equipped with a G1
microscopic high distance objective. It films a scene of 9.60 X 7.68 mm? with a resolution
of 15 um (InSb detector of 640 X 512 pixels) and a frequency of 10 Hz (ot = 100 ms).
Since the sample temperature increase is lower than 10 °C, the evolution of the radiative
flux versus the temperature is assumed linear whatever the emissivity value. The contact
resistance between the copper spot and the sample is not evaluated, nevertheless Figure
7 shows an example of infrared scene measured for mild steel. One observes a good
temperature homogeneity of the copper spot, no overheating between the spot and the
sample indicating a good thermal contact and an isotropic surface temperature decrease

of the sample.



PVC sample

Figure 5. View of the experimental set-up.

balsa sample

i

copper spot
(d=2mm)

Figure 6. View of the copper spot embedded in the balsa sample.

Every infrared scenes at each time step are recorded and then analyzed with the
help of a Matlab® program. As shown in Figure 7 and according to Figure 1, the position r
= 0 is the center of the copper spot and is defined through the position (xo, jv) in the
infrared scene. Therefore it is easy to know the location of a temperature 7(r;£) for some
given rradius and fangle, meaning the coordinates (x, y) , with relations (9) and (10).

The temperature corresponds to the temperature of a sole pixel, implying possible weak



signal-to-noise ratio, especially during tests with the aluminum sample (see Section 5).

The passage from pixel to distance is made possible thanks to the resolution (15 pm).

X = x, — rcos(0) 9)

y = yo — 1sin(6) (10)

'\ copper spot /

/

DC04 mild steel sample

Figure 7. Representation of an infrared scene measured for mild steel and of the relation
between the Cartesian and the polar coordinates. The scale on the right is temperature

expressed in degrees Celsius.

Four samples of 2 mm thickness are tested, with thermal conductivities ranged
approximately between 101 and 102, three isotropic ones: aluminum alloy (AA5182),
mild steel (DC04), and PVC; and one anisotropic: balsa. The thermophysical properties
gathered in Table 1 are either taken from the literature [28-30] or measured in lab with Laser
Flash Apparatus (Netzsch LFA 457 MicroFlash®) or microcalorimeter (Setaram psDc3 evo).

Note that before performing the experiment, the aluminum alloy and mild steel samples have



been sandblasted to increase their emissivity in order to drastically reduce the influence

of the environment. The experimental conditions are different from one sample to the

other.

Table 1. Dimensions and thermal properties of the tested materials (* laboratory

measurements).
balsa aluminum
mild steel PVC
alloy
(/7 (L) DC54 [29] [30]
AA5182
0.105 0.046
k(Wm'-K1) + 0.007 + 0.007 66,1 0.250 + 0.020
[28] [28]
£ (kg'm3) 166 + 3* 7 750 1214 + 10*
cp' (J'’kg-K1) 1036 + 40* 446 1014 + 35*
0.95 0.48 53.65 19.12 0.20
a (mm?s™)
+ 0.03 + 0.02 + 1.32* 18.70* + 0.03




5. Results and analysis

The results are presented first for the PVC (Section 5.1), then for the mild steel
DC54 and the aluminum alloy AA5182 (Section 5.2), and finally for the balsa considering
the orientation of its fibers (Section 5.3). Table 2 gathers all results at the end of this
Section 5. The estimation results for aestand Hestare given with an average value {5t and

its standard deviation ;.

5.1. Detailed analysis for PVC sample

The first sample is the PVC. For two given r1 and rpositions, and for different angles
ranged between 0 and 772 according to equations (9)-(10), Figure 8 presents
experimental temperatures of roughly same evolutions versus time. They are almost
independent of the angle, confirming therefore the isotropic nature of PVC. Tests with
mild steel and aluminum alloy present similar observations. Next, all the parameter

estimations are performed from the temperature measured at the angle 0°.
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Figure 8. Experimental temperature variations of PVC for angles 8= 0, 77/6, /4, 77/3,

72 and for n = 2 mm (the highest) and r= 3 mm.

Then the estimation method presented in Section 3 is used. Figure 9 presents the
correlation coefficient 62, as function of the distance r- r for 1 = 2 mm and rvarying
until the maximum distance filmed by the infrared camera (r1 - r = 3 mm), which varies
with the experiments. Figure 9 is rather similar to Figure 4 with a minimum for r- n =
0.7 mm. It shows that for r- 1 < 0.70 mm, the covariance varies to large extend with
values close to 1: the fitting of the theoretical model on the experimental temperature is
unsuccessful and the estimated values have no meaning. For r - 1 > 0.70 mm, the
covariance increases slightly from 0.45 to 0.7 and the theoretical model fits on the

experimental temperatures: large possibilities exist to estimate the properties.
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Figure 9. Evolution of the variance 62 versus the distance r- ri for 6= 0 and rn = 2

mim.

An example of temperature estimation during test with PVC for 8= 0 is presented
in Figure 10, for the given position 71 = 2 mm and r1 - r= 0.7 mm when the covariance
02y starts to have a low value (see Figure 9). The residuals seem to be constantly around
the zero value.

The estimation is extended for several positions r1. For a given i, position ris
searched to reach the minimum of aéH over the distance r - rZ and, then, estimated

parameters are recorded.



r.= 2mm - r=27mm-a=0224 mm%s" -5 =0.452
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Figure 10. Experimental and estimated temperatures during test with PVC.

The statistical distribution of the estimated parameters are plotted in Figures 11
and 12. In-plane thermal diffusivity a can be roughly fitted with a Gaussian law. For the
mean value is equal to 0.221 mmz2.s1 and similar to the reference (see Table 2). Regarding
the modified Biot number #, the distribution is more uniform and scattered, which may
be due to the low sensitivity of this parameter (see Figures 3). Nevertheless, from the
thermal conductivity value of the PVC found in the literature, the calculation of the heat

exchange coefficient 4 gives a value coherent with the free convection [30].
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5.2. Results for metallic samples

The detailed analysis performed for the PVC is repeated for the metallic samples, the
DC54 mild steel and the AA5182 aluminum alloy, where the isotropic behavior is
confirmed.

Figures 13 and 14 present the statistical distribution of estimated in-plane thermal
diffusivity for the DC54 mild steel, and the AA5182 aluminum alloy. The in-plane thermal
diffusivity estimation seems consistent with literature. However the dispersion is
important (particularly for the aluminum alloy).

A temperature-temperature model for a finite medium, presented in Appendix A,
has also been developed and tested, but it does not improve the estimation. There is no
more sensitivity with the additional temperature at the position r».

Because of the high in-plane thermal diffusivity of metallic samples and the limited
power supply, the temperature increase could not be above 3 °C for the aluminum alloy

(instead of 10 °C). On the one side, this makes the choice of the position /1 more difficult.



On the other side, the modified Biot number A cannot be estimated, since the observable
is insensitive to it (as shown in Figure 3). The tests with the aluminum shows one
limitation of the techniques considering the current size of the sample. A solution to
improve the quality of the measurement and thus reduce the great dispersion would be
to work with larger sample and supply a more important electric power to reach the 10
°C and have a higher signal-to-noise ratio.
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Figure 13. Statistical distribution of the Figure 14. Statistical distribution of the

estimated in-plane thermal diffusivity estimated in-plane thermal diffusivity

values of DC54 mild steel. values of AA5182 aluminum alloy.

5.3. Results for anisotropic sample

In this last section, the analysis is performed for balsa, which is anisotropic due to its
biological structure. Figure 15 shows an infrared scene during sample heating. Copper
spot appears cooler than the surrounding due to its low emissivity compared with balsa
one. Temperature distribution is not homogeneous on balsa surface, highlighting the
anisotropic structure of the material. Here, the heat flux tends to flow preferentially in the

vertical direction (6 = 772 in Figure 15), along the longitudinal direction (e.g. natural



orientation of the fibers (//)). Therefore the transverse direction (1) is defined for = 0.

The analysis is performed in these two main directions.

balsa sample

Figure 15. Infrared scene of the balsa with fibers oriented in the vertical direction (6=

772). The scale on the right is temperature expressed in degrees Celsius.

Figures 16 and 17 shows the statistical distribution for in-plane thermal
diffusivities in longitudinal and transverse direction. Except some points, all results are
centered on a single value with a rather important standard deviation. The mean values
have the same order of magnitude than literature data [28]. Nevertheless, it is slightly
lower in the longitudinal direction and higher in the transverse direction. Therefore, the
thermal diffusivity ratio between both directions is only 1.3, compared to the ratio of 2.2
measured by the guarded hot-plate technique [31]. On the other hand, the modified Biot
number A ratio is equal to 2.5 assuming an identical heat exchange coefficient in both
directions.

The choice of the r1 position is experimental and can vary from one sample to the

other. Of course, it must be placed after m, meaning beyond the radius of the copper spot,



but not too close to avoid some possible effects of the contact resistance between the
copper spot and the sample.

As reported in Table 2, the heat exchange coefficient 4 expressed in relation (4b)
is consistent with free convection values considering the estimated values of A and the
thermal conductivity k& of the samples found in the literature. Besides, the real Biot
number (he/2k) is calculated to verify the fin effect assumption (see Section 2). A value
of =10 W-m=2-K-1is considered for the aluminum and the mild steel. Except for the
measurements with the balsa with 8= 0°, where Bi= 0.09 + 0.06, meaning close to the

limit value of 0.1, the fin effect assumption is always verified.
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Table 2. Estimation results for the four samples (* interpolated value from laboratory

measurements, ** for 2= 10 W-m-2-K-1).

balsa L balsa // PVC DC54 AA5182

n 2.00 2.00 2.00 2.00 2.00




(mm)
I'min
3.15 3.10 3.15 4.65 6.00
(mm)
aesti Oa
097+0.27 | 1.20+0.38 | 0.22+0.03 19+ 4 49 + 17
(mm?2-s1)
aliterature
0.48 +0.02 | 0.95+0.03 | 0.20 + 0.03 18.70* 53.6* + 1.4*
(mm?-s1)
Hest + OH
90 + 30 21.5+6.9 31.0+ 4.5 - -
(103 m2)
h
41+21 45+19 7.8+ 2.0 - -
Bi= he/2k | 0.09+0.06 | 0.02+0.03 | 0.03 £0.02 < 10-3** < 10-3**
Conclusion

This work presented an analytical temperature-temperature model dedicated to
the estimation of the in-plane thermal diffusivity for isotropic and anisotropic materials.
Its feasibility has been proved for materials of thermal conductivity ranged between 10-1
and 102 W-m-1-K-1. From an existing method in Cartesian coordinates, the present one is
adapted in the cylindrical ones considering the fin effect and the semi-infinite assumption.
This theoretical model expresses the temperature at a position r (observable) functions
of an imposed temperature at a position 71 (input data) convoluted by a transfer function
(transmittance) depending on the in-plane thermal diffusivity and of a modified Biot
number. Experimentally, the heating is assured by Joule effect in the radial direction
through an embedded copper spot (contrary to the major cases in the literature where

the heating is performed by laser in the thickness direction) and the temperatures are



measured by an infrared camera. A sensitivity study showed that both parameters could
be estimated accurately, and the estimation was performed by least squares by the
minimization of the quadratic error between the experimental and the theoretical
temperatures. Classically, the quality of the estimation is confronted with information
given by inverse method algorithms such as the parameters correlation coefficients and
the residuals. The choice of the positions r1 and rmust also be considered with care. The
position 71 changes from one sample to the other, due to the possible influence of the
contact resistance between the sample and the copper spot. Whatever r1, it appears that
the distance r- i, for a given sample, corresponding to the minimum value of correlation
coefficient 62 is approximately the same. However, the displacement of r1 away from mn,
and thus of r makes the estimation less accurate due to the sensitivity decrease. In this
study, three isotropic materials were first tested, successfully for the PVC and the mild
steel, but with large uncertainties for the aluminum, making appear the limitation of the
method due to the combination of a high conductive material, a sample of too small
dimensions, and a power supply too limitative. However, the average estimation results
are coherent with those found in the literature. An anisotropic balsa sample was finally
tested, and the in-plane thermal diffusivity estimated according to two directions: parallel
and orthogonal to the natural directions of the fibers. Results are consistent with
literature but rather high, and the influence of the fiber orientation was showed. Even if
parameter estimation was performed for two directions, the data post-treatment
procedure, presented in Section 4, allows to work in any direction with only one
experiment, therefore making possible to realize an in-plane thermal diffusivity map of
the sample.

It was obvious that some temperatures were rather noisy, whatever the sample.

This is due to the G1 microscopic objective of the infrared camera, where each pixel aims



an area of 15 X 15 pm?. Compared with the size of a thermocouple probe of about 200 pm,
the signal measured by the infrared camera is more submitted to noise. Therefore it will
be necessary to work with temperature signals of more than one pixel by taking into
account the others around.

Finally, only room temperature materials have been tested, however it seems that
there is no limitation to extend this methodology to materials at higher temperature,

implying a modification of the theoretical model.

Appendix A - Flux-temperature and temperature-temperature models in finite medium

Figure 18 and equations (1a)-(1c), and (A.1) present the theoretical model in the

case of a finite material, and its description is the same as presented in section 2.1.

Figure 18. Sketch of the theoretical model for finite medium.

T(R,t) = 0 (A1)



After a Laplace transform of parameter s according to the time (2), the solution of
the system (A.1) is given by the relations (A.2) expressing the temperature in the Laplace

domain along the radius r.

Dy (s) Ip(wr)Ko(wR) + Io(wR)Ky(wr)

00 8) = o T (@i Ko (@R) + g (@R)K, (wry) (A-2a)
_2h(R+e)
p =2 (A.2b)

According to the same system (4), it is possible to express a temperature-
temperature model expressing the temperature 7(r¢) in a random position r knowing
the temperatures 7(r1,£) and 7(rz,£) at two positions r1 and 2 on both sides, each of these
temperatures being convoluted by a transfer function (transmittance) in the cylindrical

coordinates:

T(r,t) = T(r, QL™ [G1(s)] + T (1, YL G, (s)] (A.3a)

Io(wr)Ko(w13) — Iy (wr3) Ko (wr)
Io(wr) Ko (wry) — o (wry) Ko (wry)

G.(s) = (A.3b)
Iy (wr) Ko (wr) — Iy (wr) Ko (wry)

Gz(s) = Io(wri)Ko(wrz) — Io(wr;) Ko (wry)

(A.30)

where r; r, and 2 are the three coordinates and L1 the inverse Laplace transform. The
function G1 and & are functions of two parameters: the in-plane thermal diffusivity a and
the modified Biot number A (A.3c). The system (A.3) shows explicitly that 7{5¢) = T(n,?)
for r= n and 7(rt) = T(1,f) for r= r. Figure19 presents a comparison between all the

finite and semi-infinite models proposed in the case of an aluminum sample. The



transmittances Gi, (2, and G are also plotted in Figure 20. One can observe that ¢ (semi-

infinite model) is very close to Gi1 (finite model).

rp=14mm - r=2mm - r,=3mm re=14mm - r=2mm - r,=3mm
8 : : : : : ‘ ‘ 18 : . . ‘ ‘ :
—T{r.t) - eq. (3a) & (A.2a) —G, -eq. (A.3b)
7t - = Tiryl) - eq. (A.2a) 1 16 -~ G,-eq. (A30) | |
9 T{rh)-eq. (A.2a) 4 11 G-eq.(5b) | |
6 O Tt - eq. (A.3a) 1 1
* 7't - eq. (52)
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Figure 19. Comparison of the different Figure 20. Evolution of the three
temperatures model using the aluminum  transmittances in finite and semi-infinite
properties in finite and semi-infinite media in the case of aluminum.

media.

The finite and the semi-infinite models present the same results. However, as the
semi-infinite model is functions of two positions instead of three for the finite one, the

former has been preferred in this work to be used versus experimental data.
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